PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: July 24, 2007
REVISED: November 7, 2007
ACCEPTED: November 27, 2007
PUBLISHED: December 12, 2007

T-odd asymmetries in radiative top-quark decays

Kaoru Hagiwara

KEK Theory Division and Sokendat,
Tsukuba 305-0801, Japan
E-mail: kaoru.hagiwvara@kek. jp

Kentarou Mawatari

School of Physics, Korea Institute for Advanced Study,
Seoul 130-722, Korea

E-mail: kentarou@kias.re.ki|

Hiroshi Yokoya*

Department of Physics, Niigata University,
Nirgata 950-2181, Japan
E-mail: [jokoya@nt.sc.niigata-u.ac.jg

ABSTRACT: We study the angular distribution of the charged lepton in the top-quark decay

into a bottom quark and a W boson which subsequently decays into fvy, when a hard gluon

is radiated off. The absorptive part of the t — bW g decay amplitudes, which gives rise to

T-odd asymmetries in the distribution, is calculated at the one-loop level in perturbative

QCD. The asymmetries at a few percent level are predicted, which may be observable at

future colliders.

KEYWORDS: Ppace-Time Symmetries, Heavy Quark Physics, NLO Computations, QCL).

*Address from December 1, 2007: Theory Unit, Physics Department, CERN, CH-1211 Geneva 23,

Switzerland; E-mail: hiroshi.yokoya@cern.ch

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep122007041/jhep122007041 .pdf


mailto:kaoru.hagiwara@kek.jp
mailto:kentarou@kias.re.kr
mailto:yokoya@nt.sc.niigata-u.ac.jp
http://jhep.sissa.it/stdsearch

Contents

Introduction

=

1=

2. t — bW g decay density matrix

Bl Lepton decay distributions
B.J] T-even distributions

B9 T-odd distributions
B.d Up-down asymmetry for the LHC experiment

o=y U 0=

=

Polarized top-quark decays

E

Summary

[Al. t — bW Tg decay amplitudes
@ Tree-level results

One-loop results

EEE

Sl

B. Loop scalar functions

1. Introduction

T-odd effects in hard QCD processes have been attracting our attentions for more than
30 years, but no experimental verification of the predictions [ ] has been presented yet.
T-odd observables change sign under the operation of reversing both the spatial momenta
and the spins of the all the particles without interchanging initial and final states; see
refs. [[L0, @] for details.! In T-invariant theories like perturbative QCD, the T-odd effects
arise due to the re-scattering phase, or the absorptive part of the amplitudes, which appears
in the loop level. Such T-odd quantities in hard processes can be predicted in perturbative
QCD, and should be tested experimentally.

Since de Rujula et al. proposed to measure T-odd effects as an experimental test of the

te~™ — Y — ggg with a longitudinally polarized beam [,

non-abelian nature of QCD in e
several theoretical studies have been performed for the quark and gluon processes with an

electroweak current. They can be classified into three types:

+

1. Three jets in ete™ annihilation with a longitudinally polarized beam, ete™ — qgg [B,

@ i

!T-0dd effects are sometimes referred to as naive-T-odd [@] or Tn-odd [E] in order to distinguish them
from the genuine time-reversal operation 7', which exchanges the initial and the final states.




2. Semi-inclusive deep-inelastic neutrino [J] or longitudinally polarized electron [, (9]
scattering, fp — ¢'hX.

3. Drell-Yan-type process, pp — v*/W/Z + jet + X. References [§, [L3, [[4] considered
single-spin asymmetry in the Drell-Yan process with longitudinally polarized proton
beam, while T-odd effects without spin measurement were studied in W-jet [, [L1]]
and Z-jet [f] events at hadron colliders.

The absorptive parts of the relevant one-loop amplitudes in these three processes are related
to each other through crossing [[[§]. In addition to above three processes, there also exists
another T-odd observable, the normal polariation in top-quark pair-production at eTe™
and hadron colliders [1§—P1].

Observations of T-odd effects in hard processes are a challenging task since they do
not appear at the tree level. So far, no experimental test has been made for the above
processes [B24—R4], even though large non-perturbative T-odd effects have been observed in
hadron spin physics 23, PJ. We may note that the possibility to observe the perturbative
T-odd effects in W-jet events at the Tevatron run II has recently been pointed out in [@]

In this article, we propose a new measurement of the T-odd effects in radiative top-
quark decays. We study T-odd angular distributions of W-decay leptons in the radiative
top-quark decay into a bottom quark, a W boson, and a gluon:

t—=b+Wh+g Wt +u,. (1.1)

Due to the large mass, m; = 175 GeV, top-quark decay is not affected by hadronization,
and hence it can be dictated by perturbative QCD. Even though the correction up to
O(a?) to the total decay width of the top quark is known [2§], the correction to the W-
decay lepton angular distribution in the top quark decay has been calculated only up to
O(as) B7]. We calculate the absorptive part of the amplitudes for the ¢ — bW g process in
the one-loop order O(a?2), which gives the leading contribution to the T-odd asymmetries.
The predictions may be tested at future colliders such as the Large Hadron Collider (LHC)
and the International Linear Collider (ILC).

The article is organized as follows. In section [, we present the lepton decay distribution
using the density matrices of the ¢t — bWg decay and the W — {v decay, and give
the general kinematics relevant to our analysis. In section ], after showing the T-even
lepton angular distributions, we discuss the T-odd distributions in detail, and study their
observability at future experiments. In section [], we consider radiative decays of polarized
top-quarks and discuss another T-odd observable, the angular correlation between the top-
quark spin and the decay plane. Section [ is devoted to a summary. In appendix [i], we give
the absorptive part of the ¢ — bW g decay amplitudes in the one-loop order by using the
Feynman parameter integral calculation. In appendix [J, we present our results in terms
of the loop scalar functions.

2. t — bW Tg decay density matrix

The decay rate of the process ([.1) can be expressed in terms of the t — bW g decay and



Figure 1: Schematic view of the coordinate system for the ¢ — bW Tg decay, followed by the
W+ — €Ty, decay.

the W — fv decay density matrices in the narrow width approximation of the W boson,
1
dl =" dl, — dI'yy, (2.1)
AN Tw

where I'yy is the total decay width of W boson, and A\, N’ = 4, 0 denote the W-boson
helicity. The 3 x 3 W-polarization density matrix for the W™ decay reads

1 dry, 3
— 20 = B, — Ly (# 2.2
Ty deosfdd 08 w (0, 0) (2.2)
with the decay branching fraction By = B(W — fv) and

(1+cos 0)2 sin §(1+cos 0) €i¢ sin20622‘¢
Ly (0,0) = 7““9%“59) =19 sin? 0 731“9“;;08” ei | . (2.3)

sin26 —2i¢ sin §(1—cos ) —ig (1—cos 9)2

2 € N 2

Here, the 3 x 3 matrices are for A\, X = (4,0, —), and the polar and azimuthal angles (6, ¢)
of the charged lepton are defined in the rest frame of the W boson, where the z-axis is
taken along the W momentum direction in the rest frame of the top quark. The z-axis
(0 =7/2, ¢ =0) is in the t — bW g decay plane as explained below.

Before we show the ¢ — bW g density matrix dI'},,, we define the kinematical variables
for the process

t(pt, o) — b(py, 98) + W (g, A) + g(py, 0g), (2.4)

where the four-momenta of each particle are defined in the top rest frame as

Pt = (m¢,0,0,0),

Pl = (Ep,ppsin,0,p, cosb),

¢" = (Ew,0,0,q),

Py = (Eg: Pg,z:0,Dg,2)- (2.5)

Helicities of each particle, oy, 04, A and o4, are also defined in the top rest frame. The
z-axis is taken along the W boson momentum, and y-axis is along ¢ x pp, the normal of
the decay plane; see figure [l.
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Figure 2: Feynman diagrams for the ¢t — bW g decay ] The top two are the tree level diagrams,
and the bottom six are the one-loop level diagrams contributing to the absorptive part of the
amplitudes.

We define the dimensionless variables as

2p; - b 2p;- 2p ‘P 2Eb 2EW 2F
(21, 22, 23) = ( Dt 2p ) ptgqa : 2 - = ) ) ? . (26)
mt mt mt mt mt mye

These are the energy fraction of b, W and g, respectively, and satisfy the energy conserva-
tion condition, z1 + z3 + z3 = 2. The kinematically allowed region is given in the (z1, z2)
plane by

2y§21§1—x2+y2, 2x§22§1+x2—y2,

(27 — 4y?)(25 — 42®) — [2+ 22 + 2y% — 221 — 225 + z1z2]2 >0, (2.7)

with = my /my and y = my,/my.

The mass of the b-quark is kept to be finite (m, = 4 GeV) for the tree-level calculation.
However, as we will see later, the effect of the mass is negligible. Thus, for the calculation
of the T-odd distributions, we take the m; = 0 limit, which simplifies the framework of
the one-loop calculation. In the case that we ignore the b-quark mass, there appears a
kinematical singularity in the zo — 1 + 22 limit, when the b-quark and gluon momenta
are collinear. An infra-red (IR) singularity also exists at z3 — 0, where the emitted gluon
becomes soft.

Let us now present the density matrix for the t — bWg decay, dI'},, in eq. (2.1). The
matrix elements of the t — bW g decay are expressed as

iMy = _\Zj%gs t*Vip u(pp, o) T u(pr, 01) €,,(q, A) €5 (Pgs 0g), (2.8)
where g and g5 are the weak and strong coupling constants, t* is the SU(3) color matrix,
and Vj, is the Cabibbo-Kobayashi-Maskawa (CKM) matrix element. The tensor T/ is a
4 x 4 matrix in the spinor space. The leading contribution to the real part of T#“ comes
from the tree diagrams [Rg, RBY], while the imaginary part appears first in the one-loop
diagrams. All the tree and the one-loop diagrams needed in our analysis are shown in
figure fl. We give details of our calculation of T+ in the appendices.



Factorizing the color factor and the coupling constants, we define the reduced density
matrix Hyy as

ZMAM?/ = 4\/§7TGF(Xsm%V’Wb’2CF . H)\)\/. (29)

The summation stands for the sum/average of the spins of the particles except W boson
and the sum/average of colors. In terms of H)y/, the density matrix dI’g\A, is expressed as

ng\X Gpasmf’x2|%b|2C’F
= Hy . 2.10
dz1dzy 32v/272 w21, 22) (2.10)
Finally, combining the top- and W-decay density matrices in egs. (2.10) and ([.9), the
decay distribution in eq. (.1 is expressed as
dr’ _3BgGFOéSm?.%'2’Wb’2CF

dzidzy dcos0dgp 2564/273

=K[F(1 + cos? 0) + Fy(1 — 3cos? @) + Fzsin 26 cos ¢ + Fy sin? 6 cos 2¢
+ F5 cosé?—i—Fﬁsianosqﬁ—|—F7sin9sin¢+F8s1n26?sinq§+F9sin26?sin2q§],

ZHAX(ZL 22) L (6, ¢) (2.11)

AN

where K is the factor in front of the summation symbol in the first line. The nine inde-

pendent functions Fj_g(z1,22) are defined in terms of the reduced density matrices H )y

as

1 1

B=3 (Hyy +Hoo+H__), Fs = 7 (Hyo+ Hor + H_o+ Ho_),
1 /)

Fy = —H, Fr=—(H,g— Hypyr — H_ Hy_

2 = 5 Hoo, 7 \/5( +o — Hoy o+ Ho-),
1 )

Fy= —— (Hig+ Hor —H o— Hy ), Fs—=——(Hyo— Hor +H_o— Ho ),

3 2\/5(+0 0+ 0o— Ho-) 8 2\/5( o — Hoy o— Ho-)
1 /)

Fy=g(Hy-+H_y), Fy =g (Hy —H-y).

F5 — H++ - Hff, (212)

The terms independent of the azimuthal angle, F, F> and F5, are provided from the diag-
onal terms of the density matrix, while the azimuthal-angle dependent terms are provided
from the off-diagonal terms, i.e. the interference between the different polarization states
of the W boson. The terms F} through Fg are T-even, and the leading contribution comes
from the tree diagrams. On the other hand, F7 to Fy are T-odd, and they receive the
leading contribution from the absorptive part of the one-loop amplitudes through the in-
terference with the tree amplitudes. Parity transformation changes the sign of ¢, thus
F7 39 are not only T-odd but also parity-odd (P-odd). Assuming C'P invariance, the lep-
ton angular distribution for the anti-top-quark decay, £ — bW ~g; W~ — £~ can be
obtained by changing the sign of Frgg in eq. (B.11)).

3. Lepton decay distributions

In this section, we present numerical results for the T-even and T-odd lepton angular
distributions in radiative top-quark decays. Note that, in our leading-order analysis, the
T-even distributions F;_g are O(as), while T-odd distributions Fy g9 are O(a?).
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Figure 3: Countour plot of Fj(z1,22) in the tree level. z; and zo are the energy fraction of the
bottom quark and the W boson, respectively. The dotted line denotes the kinematical boundary;
the dashed and dot-dashed lines are for the kinematical cuts for k7 > 20 GeV and cosf,, > —0.9,
respectively. The thick contours are obtained for m;, = 4 GeV, whereas the thin contours are for
my = 0.

3.1 T-even distributions

In figure f§, we show a contour plot of the function Fj(z1,22), which gives the total rate
of the t — bW g decay, dI'/dz1dze = K (167/3) F}, after integrating over the lepton decay
angles. The kinematical boundary given by eq. (R.7) for m; = 175 GeV, my = 80.4 GeV
and my = 4 GeV (my, = 0) is shown by the thick (thin) dotted line. To avoid the IR region
near zo = Zomax ~ 1.2, we impose the kr cut,

k2 = 2min(p§,p§) (1 — cosOpy) > (20 GeV)?, (3.1)

where 0y, is the angle between the b-quark and gluon momenta in the top rest frame, shown
by the dashed line. Furthermore, we apply the following cut:

cos g > —0.9, (3.2)

shown by the dot-dashed line, in order to avoid the configuration where the b-quark and
gluon jets are anti-collinear. These two cuts enable us to define the top decay plane
spanned by pj, and pj, from which the azimuthal angle ¢ of the decay lepton is measured
(see figure [l)).

The decay rate is large in the region where 29 is large, because of the collinear sin-
gularity in the my = 0 limit. As the figure shows, the effect of the b-quark mass is small
for the decay-rate itself, however the kinematical boundary as well as the cuts are changed
slightly by the mass.



Next, we define the differential asymmetries as

Ai(z) = /dz1 E(zl,ZQ)//dzl Fi(z1,22) (3.3)

for i = 2 to 9. In figure [, we show the 2y distributions of the T-even asymmetries
Ay 6 at the tree level for the three z; regions: 2zi,;; < 21 < 0.4, 0.4 < z; < 0.55 and
0.55 < 21 < Z1max, With the same kinematical cuts as in figure B The 25 distributions of
Fy for the same z; regions are also shown as a reference. In all the figures, predictions for
myp = 4 GeV and the massless b-quark limit are shown by thick and thin lines, respectively.
Except for Fy, the lines for m, = 4 GeV and those for m; = 0 are almost degenerated. Small
difference in F; at large zo and small z; arises because of the difference in the kinematical
boundary, as shown in figure .

The asymmetries in the polar angular distribution As 5 are predicted to be large, more
than the azimuthal angular asymmetries A3 4. When the W-boson energy (i.e., z2) is
large, the kinematics of the ¢ — bW g three-body decays becomes close to that of the
t — bW two-body decays. Near zo = 2.y, this leads to the well known results: (i) The
asymmetry As, which dictates the fraction of the decay to the longitudinally polarized
W bosons, reaches 0.7. (ii) The fraction to the left-handed W bosons is ~ 0.3, and the
fraction to the right-handed W bosons is negligible. This corresponds to the asymmetry
As x Hiy —H__ ~ —H__. The difference of the factor 2 comes from the normalization in
eq. (R.19). (iii) The A3 46 asymmetries vanish in the large 25 region, since the interference
between the different helicity states of the W boson is very small.

On the other hand, the smaller z5 becomes, the larger the gluon contribution becomes.
Due to this gluon contribution, the decay to the right-handed W boson is allowed, even
in the m; = 0 limit, which causes the deviation from the values in the two-body decay
process.

3.2 T-odd distributions

Let us now turn to the T-odd asymmetries, the main subject of this article. As mentioned
above, the leading contribution to the T-odd effects in the top-quark decay ([L1) comes
from the interference between the tree diagrams and the absorptive part of the six one-loop
diagrams in figure fJ. The one-loop amplitudes are calculated in the m; = 0 limit, however
the kinematical boundary as well as the cuts are given for my = 4 GeV. We set the QCD
coupling constant as as = as(krmin =20 GeV) = 0.15. The details of our calculation of the
one-loop amplitudes are given in the appendices.

Figure [| shows the asymmetry distributions as figure [, but for A7 g9 in eq. (B-3). We
found that the asymmetry A7 is positive at a few percent level, and tends to be larger with
increasing z; and decreasing z9. Ag is also positive but less than 1% in magnitude, and
is large for the intermediate values of z; and z3. Ag is the smallest in magnitude and is
order permill. It takes positive value for large z; and small 29, but changes the sign by
decreasing z; and increasing z3. The dips which appear in the figure are caused by the
kinematical cuts given in egs. (B.1]) and (B.2).
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Figure 4: The z; distributions of the T-even asymmetries As to Ag at the tree level. Three cases
for the different z; regions with the same kinematical cuts as figure B are shown. Thick lines are
for my = 4 GeV, and thin lines are for mp = 0. The distributions of F} integrated for z; are also
shown as a reference.

In figure fi, we show the contribution to the A7 asymmetry for 0.55 < 21 < 21ax from
the individual one-loop diagrams of figure f in the Feynman gauge. The sum of the dia-
grams (c) and (f), which have the gluon three-point-vertex, gives negative contribution to
A7. On the other hand, all the other diagrams give positive contribution to the asymmetry.
The diagrams (a) and (d) with s-channel b-quark exchange diagrams give the dominant
contribution, which make the total asymmetry positive. The diagrams (b) and (e), which
contain the u-channel b-quark exchange in the final-state rescattering, are found to give
small contribution. On the other hand, the main contribution for Ag comes from the dia-
grams (¢)+(f), while for Ag, the contributions from (a)+(d) and (¢)+(f) are comparable

in size.
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Figure 5: The same as figure E, but for the T-odd asymmetries A7 g9 at the one-loop level.

3.3 Up-down asymmetry for the LHC experiment

In order to help finding an evidence of the T-odd asymmetries in experiments, we discuss a
simple observable for the T-odd asymmetry. We define the up-down asymmetry Ayp with
respect to the top decay plane as

Aup=[N0< ¢ <m) — N(m < ¢ < 27)] /Ngum- (3.4)
It is defined as the asymmetry between the number of events having the charged lepton
momentum with positive and negative y component. Ayp reflects the property of Az, since
sin @ sin ¢ is positive for 0 < ¢ < w while negative for ™ < ¢ < 2.

We estimate Ayp, and its statistical errors for 820,000 top-quark signal events which
is expected at the LHC one-year run with L = 10fb~! after the event selection for the
single lepton plus jets channel pp — tt — bbBWW — bb(¢v)(j5) [B1]. Taking into account
the fraction? of t — bW g events that satisfy the kinematical cuts in eqgs. (B.]) and (B-3),
a sample of about 72,000 events for ¢ — bW g followed by W — fv would be expected. In
figure [] (left), we display the distribution of the event sample in the z;-2z5 plane. In order
to see the T-odd asymmetries effectively, we divide the kinematical region into eight bins
using the jet-energy ordering and the opening angle between the two jets in the top rest
frame as

(I) 21 > 23 cos g < —0.5, (V) 21 < 23 cos g < —0.5,
(II) 21 >23 —0.5<cosbyy <0, (VI) 21 <z3 —0.5<costyy <O,

(ITI) 2z > 23 0 < cos by, < 0.5, (VII) 21 < 23 0 < cos by, < 0.5,
(IV) 21 > 23 0.5 < cos Oy, (VIIT) 21 < z3 0.5 < cos Oyg. (3.5)

2For the total decay width of the top quark, we use the calculation including the O(as) QCD correc-
tions
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Figure 6: The contribution to the A7 asymmetry for 0.55 < 21 < 21 pax from the individual one-loop
diagrams. (a)+(d), (b)+(e) and (¢)+(f) contributions in Feynman gauge are plotted in dashed,
dotted and dotted-dashed line. Total asymmetry is also plotted in solid line, as a reference.

In the figure, the number of events in each bin are given in an unit of thousands. As in
figure B, a large number of events is expected for the region where both z; and 2 are large,
namely (III) and (IV).

The top and middle plots in figure [{ (right) show the up-down asymmetries with ex-
pected statistical error-bars for each of the eight bins, for the LHC one-year run. The error
is estimated from 0A = /(1 — A2)/Ngum for each bin. The magnitude of the asymmetry
is larger for the (I)-(IV) bins than for the (V)-(VIII) bins, and increases with the opening
angle Oy, as is expected from the z; and 2o dependences of A7 in figure f|. The asymmetry
reaches 3% at the bin-(I) where, however, the event yield is not high.

In the bottom plot in figure [| (right), we also consider the case where the top-pair
productions are identified without a b-jet-tagging. In this case, instead of defining y-axis
by the direction ¢ X pj, we define the y-axis along ¢ x pj,, where p;, is the momentum of
the jet whose energy is large than the other in the top-quark rest frame. This asymmetry
corresponds to Ayp for z; > z3 (top) minus Ayp for z; < z3 (middle). Because of the
cancellation, the magnitude of the asymmetry decreases, but it remains finite even without
b-jet identifications.

4. Polarized top-quark decays

Although we have considered the decay of unpolarized top-quarks so far, the top-quarks
produced singly by the electroweak interactions at hadron colliders or the top-quark pairs
produced in eTe™ colliders can be highly polarized. Therefore, it may be useful to analyze
the polarized top-quark decay.

In this section, we show that, when a top-quark is polarized, i) there exists another
type of T-odd observable, the angular correlation between the top-spin direction and the

,10,



Figure 7: (Left) Estimation of the event yields for the LHC one-year run is shown in each bin
defined in (B.5). (Right) Up-down asymmetries Ayp defined in eq. (B.4) for the eight bins (top and
middle) and Ayp for the case without b-tagging (bottom). cos 6y, is the opening angle between the
two jets in the top rest frame. Error bars are estimated for the expected event yields shown in the
left figure.

top decay plane, and ii) the lepton angular distributions discussed in the previous section
are modified.?

First, we discuss another type of T-odd observable in radiative decays of the polarized
top-quarks, namely, the angular correlation between the top-quark spin and the decay
plane.

We define the angles between the top-quark spin direction and the decay plane in the
top-quark rest-frame as shown in figure §. The z-axis is chosen along the W-momentum
direction, and the z-axis is chosen along the pj, direction in the (pj,p,) plane. The polar
and azimuthal angles, p and ¢p, respectively, define the direction of the top-quark spin

.
The decay distribution is now characterized by the two angles as well as z; and zs:
dr’ B Grasmiz?|Vy|*Cr
dz1dzad cosOpddp 64+/273

X |Fp1 + FpycosOp + Fpgsinfpcos pp + Fpysinfpsingp|. (4.1)

The structure functions Fpi_pg(z1,22) are obtained from the ¢ — bW g matrix elements
M,,, which are defined in eq. (R.§), but we now retain the top-quark helicity oy instead of

3We thank the referee of this article for pointing out the existence of another T-odd observable in the
polarized top-quark decay, and suggesting its relation to the normal polarization in the top-quark pair-
production.

— 11 —



Figure 8: Schematic view of the coordinate system for the t — bW Tg decay, where the W
momentum direction in the top-quark rest-frame is chosen along the z-axis, with the top-quark’s
spin ;.

the W-helicity (\):

l= l= * *
Fpy= 5% (M +IMCP). Frg= 550 (MIM-o+ MMy,
l= = * *
Fpy = 53 (M = [M_P), Fpy= 53 (MIMo = MEMS). (4.2)

The summation stands for the sum of the spins of all the particles but the top-quark, and
the sum/average of colors. The spin-independent term Fp is identical to F in eq. (2.19),
including the normalization factor. Fpy is T-even and P-even, while Fps and Fpg are T-
even and P-odd. Fpy is T-odd and P-even. The leading-order contribution to the functions
Fpi to Fpg comes from the tree-level amplitudes. On the other hand, the leading-order
contribution to Fps comes from the interference between the tree amplitudes and the
absorptive part of the one-loop amplitudes, just the same as Frgg in eq. (R.19). Note
that Fpy is proportional to the expectation value of the triple product of the three vectors
(8¢ - @ X Pp), just like F7 is proportional to (Sy - ¢ X pp). The corresponding distribution for
the anti-top-quark decay can be obtained by reversing the sign of Fpy and Fp3 in eq. (1),
when the C'P is a good symmetry.

We define the ratios of the correlation functions F; for i = P2-P4 to the spin-
independent term Fpy as

Ai(z) = /leFi(Zl,ZQ)//leFPl(Zl,ZQ). (4.3)

Each correlation function corresponds to the expectation value of the component of the
top-quark spin-vector as

. 1
() = 5 (Aps, Aps, Ap2). (4.4)

In figure , the zo distributions of Aps p3 at the tree level and Apy at the one-loop
level are shown, where the three z; regions and the kinematical cuts are the same as those
in figure [|. The T-even P-odd asymmetries Apy and Aps are as large as a few times 10%
in magnitude, while the T-odd P-even asymmetry Apy is less than 1%. This means that
the top-quark spin lies almost in the decay plane, or, the decay plane tends to contain
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Figure 9: The z, distributions of the angular correlation functions defined in eq. ([£3), Apa, p3 at
the tree level and Apy at the one-loop level, where the three z; regions and the kinematical cuts
are the same as in figure @

the top-quark spin. The z; dependence of Apy is similar to the T-odd lepton angular
asymmetry A7 in figure .

Next, we consider the T-odd lepton angular asymmetry A; again, but in the decay
of polarized top-quarks. Since the degree of the normal polarization to the decay plane
is quite small as shown in figure f], for simplicity, the case that the top-quark spin lies
in the decay plane, ¢p = 0°, is considered. In figure [l(, we show the A; asymmetry for
0.55 < 21 < Zimax, Where the spin direction of the top-quark is set at 0p = 0° and 180°.
The asymmetry is enhanced when 0p = 0°, but reduced when 6p = 180°. It follows from
the fact that the decay amplitude to the right-handed W-boson is larger for §p = 0° than
for p = 180°.

Finally, we briefly mention T-odd effects induced by the absorptive part of the top-pair
production amplitudes, which produce the normal polarization with respect to the scatter-
ing plane. The one-loop calculations have been done for e*e™ and hadron colliders [[[d—1],
however, the degree of polarization is estimated to be quite small.

We examine if the up-down asymmetry with respect to the decay plane of the top-
quarks, studied in this paper, can contribute to the T-odd asymmetry about the scattering
plane in the top-pair production process, when the production and decay processes are
considered in total. When the top-quark has normal polarization with respect to the
scattering plane, because the charged lepton prefers to be emitted in the direction of the
top-quark spin, the expectation value of the inner product of the top-quark spin direction
and the lepton direction (§; - py) is positive. On the other hand, considering the T-odd
effects in the top-decay process, since the Ap, asymmetry in figure [f is slightly positive,
the expectation value of the triple product (5; -7 x p) is slightly positive. In addition, since
Az in figure [] is positive, the expectation value of (py - ¢ x pp) is also positive. Therefore,
the T-odd effect in the top decay process gives positive correction to (3} - py), i.e. additive
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Figure 10: T-odd asymmetry A7 for 0.55 < 21 < 21, in the polarized top-quark decays. The
direction of the polarization is parameterized from the W-momentum direction, §p = 0° (dashed)
and 180° (dotted). As a reference, the unpolarized case is also plotted in solid line.

to the original asymmetry due to the T-odd polarization of the top-quark normal to the
scattering plane. However the size should be negligible, because the degree of the normal
polarization and the T-odd correlation Ap4 are estimated to be very small.

Similarly, we find that the T-odd effect in the top-quark production process provides
additive but negligible contribution to the T-odd asymmetry in the decay process with
respect to the top decay plane.

5. Summary

In this article, we studied the top quark decay into a bottom quark and a W boson
accompanied by one gluon emission, and calculated the absorptive part of the t — bWy
decay amplitudes at the one-loop level. We then estimated the leading-order contribution
to the T-odd asymmetries of the lepton angular distribution in the t — bW g decay followed
by leptonic decay of the W boson.

For completeness, we also discussed the T-even asymmetries at the tree level O(ay),
and found that the fraction to the right-handed W boson increases in the small W-boson
energy region. As for the T-odd asymmetries, the largest asymmetry is predicted for A7 at
a few percent level, and the other asymmetries (Ag and Ag) are found to be less than 1%.

We proposed a simple observable Ayp, the up-down asymmetry with respect to the
top decay plane, which is proportional to A7. The Ayp asymmetry is predicted to be at a
few percent level, which may be confirmed at the LHC with 10fb~1.

Before closing let us mention that, for the polarized top-quark decays, there exists
another T-odd observable, the angular correlation between the top-quark spin direction
and the top decay plane. However, the size of the T-odd correlation is less than 1%, which
may be difficult to measure at future colliders.
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A. t — bW g decay amplitudes

In this appendix, we outline our calculation of the amplitude for the ¢t — bW g process.
Note that we present the formalism in the m; = 0 limit, because we performed the one-loop
calculation only in this limit. The extension to the massive b-quark case will be given only
for the tree-level calculation.

First, we expand the tensor 7% in eq. (P-§) as

T =Y a; TH (A1)
i
with the 20 basis tensors;
Ty = "4 P-/mi, THS — gho Py Jmy,
Try = WVGW{/m?’ Thy = V" Py [,
Trs = vl P-/mi, Thy = piy" 4P /i
Ty = vy P fmi, Thi = Py 4Py /m,
Trs =2"piP-/mi, The = y#pd Py /m3,
Tig = 2"piP-/my, ThS = Appd Py fm?,
Tp7 = pipRdP-/mi, The = pipt Py /m3,
Tpe = piwidP-/mi, Ths = pi'pj Py /mi,
Trs = pypfdP-/mi, The = piipiPy/ms,
T} = vhpod P- /mi, Th = pipi Py fmi (A.2)

where the chiral-projection operators are Py = 3(1£+5). The summation runs for i = {L1-
L10,R1-R10}. The coefficients a; are calculated perturbatively,

a; = b; +iage; + -+, (A3)

where b; is the tree-level contribution, and ¢; is the one-loop contribution to the absorptive
part.
The 20 coefficients satisfy the following sum rules, because of the gauge invariance of
QCD (py, 1" = 0),
2(1 = y2)ar2 + z3ars + y2ar6 + 2ar2 = 0,

2a12 + 2ar2 — 23aRs — Y2are = 0,
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2ar1 — 2ar3 + z3ar7 + y2ars — 2ar3 = 0,
2ar3 4+ 2ar1 + 2(1 — y2)ars + z3ar7 + y2ars = 0,
2ar1 +4ars + 2ar4 — 23019 — Y2ar10 + 2ar4 = 0,

2ar4 — 2ap1 — 4age + 2(1 — y2)ars + 23aRy + y2ar10 = 0, (A.4)

where we defined yy = 1—2p+22. In appendices A1, [A.9 and [B], we present the following
14 coefficients; i = L1-L4,L6,L8,L10,R1-R4,R6,R8,R10. The remaining 6 coefficients;
i = L5L7,L9,R5R7,R9 are then obtained from the above identities, eq. @)4

Counting the number of the physical amplitudes, only the twelve among the 14 coef-
ficients are independent B9, fl]. Using the Dirac matrix identity [BJ], the terms with T,
and Tg‘f{o can be removed by the following replacements,

1 1
ar1 — ar1 + 5(2/3 — z122)ar10 — 5#14R10,

1
are — ary — §(y3 — z122)ari0 + 5410810,

1 1
ar3 — L3 — 522Y30L10 — 5Y3¢RI10,

ary — arqg + 5(22 —2x%)ar10 + 5720110,

1
—(z1 — 22)agrio,

1
are — are + 5{(21 — 29)ze + 22 }ar1o + 2

arg — arg + z2ar10 + GR10,

1 1
2
aR1 — QR1 + 52156 ario + §y3a1~210,

1
2

GR2 — AR2 — 52156 ario — §y3a1~210,

1
GR3 — aR3 + §y3aL1o,
QR4 — AR4 — 522CLL10 — AR10,

1
aR6 — GR6 — 5(21 — z2)ari0 + ario,

2

aRrg — GR8 — T aL10, (A.5)

with y3 = 1 — 23 — 2.

A.1 Tree-level results

At the tree level, the amplitude has the contributions from two Feynman diagrams (fig-

ure ),

1
THe = 4o “P_ 4 AhP A A6
e Zﬁt d bi—d+ic! 7 Pt — Pg —m + ie | (A-6)

4To verify our results, we have calculated all the 20 coefficients independently and checked that these
satisfy the egs. (@)
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The decomposition in terms of T/'* in (A.J) gives
br1 = brs = —br1 = 2xp, bra = —bre = 2xy, —brz =bro = ¢ + s, (A7)

where z; = m?/(—2p; - pg) and x, = m7/2py - py.

For the massive b-quark case, two more components,

TV = g" " P_/my, Tipy =~"y"P_/my, (A.8)
with the coefficients b1 = 2yxp, by = —y(xy + ) and y = my/my, must be added to

eq. (AT).

A.2 One-loop results

At the one-loop level, the absorptive part emerges from the six diagrams for the t — bWg
decay, shown in figure f]. We write the one-loop coefficients in eq. ([A.3) as the sum of these
diagrammatic contributions,

¢ = cz(a) + cgb) + cgc) + ng) + cz(e) + cgf). (A.9)

The analytic expressions of the coefficients are obtained for each diagram by performing
the standard Feynman integrals. Our expression contains functions with a one-parameter
integral, which can easily be evaluated.

In the next appendix, we also show the results of ¢; in the loop scalar function method
as an alternative expression. We checked that the numerical results of the two calculations
agree completely.

With the color factor Cr = 4/3, C4 = 3 and C; = Cp — C4/2 = —1/6, the one-loop
coefficients for each diagram are found as below;

e diagram-(a)

a a a a a C
—c(Ll) = QC(L) = —C(L?? = cgﬂ) = —20%2) = 7F~’Ub- (A.10)
e diagram-(b)
—20%{ = 4C(Lb% = —QC(Lb?)’ = C(ng = 2052 = —40% = Cizp. (A.11)
e diagram-(c)
(©) _ 9,0 (©) _ 900 _ ) () _ Ca 2
—c)] =2¢)5 = —cy =2c1g = Cpl = —2Cpy = — b (In€e* + Inay) , (A.12)

where € = mg/m;. The gluon mass my is introduced to regulate the IR singularity.
We keep € only in the singular parts and take the e — 0 limit elsewhere.
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e diagram-(d)

(d) —2c (d) =-CFf [%(2 —29)110 — (3 — 22) o1 + 2=y 1.22} ,

oy = —Cr [xb(l — )l — (1 —2?) Iy — %122 — 2y (I33 — 134)} :

b = oY) — cp [xb(l — ) — (2 — 22) Iy + 2 _2” 122] :

) = Cp [y — Inz — yo (I — Ina)]. (A.13)

Here, I,,,, is defined by the integral

1 n
Ly = / thdt (A.14)
o [1— 2ot + 22t2m

e diagram-(e)

2
C(Lel) = C [ﬂfb In(zixy) — (1 + 21)J110 + (22 — 2%) Ji11 + %les - 21L2] ,

e 1 e C 2 J—
C(LQ) = _§C(L1) + 71212 [21(J121 — Ji22) + Ja11 — 2212 + Y2 J213] ;

C(Le?z =4 |:$b ID(Z%CCb) — I+ ya2lor — (1 + ZI)JIIO + (22 — $2)J111 + y%JIQI

2 _
+ y2Jo11 — Mt}mz - Z1L2},
e + 2.%'2
C(Li =0 [Jno — (29 — 2®) 111 — y2(1 — 29)J121 — %cﬁm] )
2 _
C(LG) = -1 [25'317 + Ji10 — (L4 22) 111 — ya(2 + 21 — 22)J121 + Mﬁm

+ 222 21(z1 + 222
PRI ) Jypg 4 AL Y2) o 220 L3:| 7
2 21— Y2 21 — Y2

C(Leg = —C [4J111 — 2y2 (J121 + Ji22 + 20212 + Jo13) + Y3 (Ja23 + 2J314)] ,
ngl)o = Cy2 [2J122 — Y2 (2J133 + Jo24)]

(e) (e) v3
cp = —ci+Ch [110 — y2J110 — 52 (Jo12 — J213)] )

1 C 1+ 29 — 322
Cg =5 52 + 71y2 [ 2J111 + yaJ121 + (2 — 22)Ja11 — +J212 )

crz = —Crya2 [Jo11 — J212],

Cg = —C1 [Jio — Jur +y2 (Ji21 — Ji22)],

Cgs()s = C1 [Ji10 — 2J111 + y2 (Ji21 + Jo12)],

) = €1 [2J110 — 20 (J121 + 2Ja11) + 43 (Jaga + 2J313)]

Cgo —Chy2 [4J121 — 2J122 — Y2 (2J132 + J223)] (A.15)
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where J,,,¢ and L, are defined as

S /1 thdt (A.16)
mnt =T = 2t + 222 [yat + 21 (1 — )] '
1 2
dt t
Ln = / In LE . (A.17)
o [yat +21(1 —t)]” 1 — 29t + 222
diagram-( f)
Ca 1 —|— x? 2+ 23 2919
C(Lfl) T [”rbln (23mp) — 2p—(1+23)J 10+ Ji + pa( 5 )J{m 2y J19
yo(1 +2%) 23(y2 — 323) ;Y2 /]
IPNY (O LAC Ty e\ B2 L
Y2J212 9 213 2(y2 — 23) 2~ Yo — 23
Cyl 2 — 29 + 222
C(LJ;) = TA Ty (1n P xb) —xp1n (zgxb)%—xt—i—xb +(1+ 23)J{10—+J{11
Y2(2z2+23 Y2 z? yz 3
—%)J{m +22ysJ] 90 — —Jén ——Jy13+3 5 (y2 + 23)Ll2—y223L§} ;
CA [ 223
C(LQ = 5 zpIn (Zgl“b) —Tp —223%10 9 J111 y2J{21
Y2 (329 +23 —4a?
( 9 )J{QQ - 2/2(1 - 23)J§11
y2(3 — 223 — 562) , z3(y2 — 323) _, ygz3
Jo10 — Lo — L
" 2 M2 2(yy—z3) P yp—zy 0
C 24z
c(Lf4) = _TA [wt (ln e +1n xb) +x + Jjp0 — (22 — 22) 1y — wtﬁm
p(l+22—a%) ,  wBp-x),  ¥m
2 220 yp—23) 2 yo— 23

C 1429+22 Zo+2
C(LfG) - 7A [(xt_3> (In € +In2p) +ay+xp+J1 10— 7; J{n—in( 22 3)J{21
y2(220 — 23 y2(2—29 Yo (1422 3y2+2z3
+¥J122—¥J212+¥Jé13 ———— Ly — ya23L5 |,
2 2 2 2
(1) = CA gyt (300 + 200 4 I 2 (2T aq - Thoq & Jhopy -+ 2.
CLs = o [ 111 — 2Y2 ( 122 T 2Jo10 + 213) + Y5 ( 133 1 Jag3 4 Jogg + 314)] )
(¢ _Ca

Ciio = 5 Y Y2 (20129 — y2 (2133 + Jo24) ]

Ca Y2
cgl) = _C(Lfl) + T3 {110 9 {23(J121 Ji29) + Jo11 — (2+y2) Jo10 + Jéls}] ;

Ca ys + 423 Y3
C%Q) = (LfZ) + T [I 10 — Tjilo - (112 - 223)!]{11 - 72!]{21
y2(l — 29 z? z7y2
C ) - T 0~ i)
Ca
Cg:)? =T [J110 — J111 — 2v2 (Jio1 — Jioo + Jo11 — Jo1a)] 5
() _Ca

CRi T 5 [J110 — J1i11 — 2v2 (Ji21 — J1a2)] 5
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) Ca

CR6 T T 5 [J110 — 2J111 + y2 (J1a + Jo10)]
ng) = —Ca [J110 — 2y2 (Jio1 + Jo11) + Y3 (Ji33 + Joo3 + Jas)]
C
Cgl)o = —TAZH [4%21 —2J19y — Y2 (2J133 + J§23)} ) (A.18)

where J/ , and L/, are given by replacing z; to z3 in Jy,ne and Ly, in eq. (A.1() and
eq. (A.17), respectively.

We note that the sum of the IR singular terms from the diagrams (c¢) and (f) is
exactly proportional to the tree-level amplitude, therefore they do not contribute to the
T-odd distribution.

B. Loop scalar functions

As a check of our calculation, we calculate the one-loop coefficients in terms of the loop
scalar functions, the Passarino and Veltman’s B, C, D functions [BJ.

For each diagram, we assign the masses and the momenta of the scalar function,
following the FF notation [B4], and take only the imaginary part of the functions. In this
assignment we explicitly present the b-quark and gluon mass, my, 4, for clarity, even though
we take the massless limit in our analysis.

e diagram-(a) Defining B; = Im Bl-(mg,mg; ng) for i=0,1 with pgg = (pp + py)?, the
coeflicients are expressed as

—c(Lal) = QCS-JG) = —c(Lag = cggl) = —20%12) =Cruxyp [Bo + Bl]/ﬂ'. (B.1)

e diagram-(b) Defining C’i(b) = Im C’i(mg,mg,mg; pgg,pg,pg) for i=0,11,12,21-24, the
coeflicients are expressed as

b b b b b
R e R EY
= Cl [ - CO - 2Cll + C12 - 021 + 023 — 2C24/p§g] m?/ﬂ',
) = C1[ — Co — 2C11 + Cra — Ca + Cag) m? /. (B.2)

e diagram-(c) Defining C’i(c) = Im C’i(mg,mg,mg; pgg,pg,pg) for i=0,11,12,21-24, the
coeflicients are expressed as

) = 2 = e = ) = 208
= Ca[Co — C11 — 201 + 2053 — 12C24 /iy | mi /4,
C(LC(); = Ca[2Co + 4C1y — 3C1 + 2091 — 2Ca3) mj /4. (B.3)

e diagram-(d) Defining Ci(d) = Im Ci(mg,m?,mg; p?,q2,p§g) for ¢=0,11,12,21-24, the
coeflicients are expressed as

d d
o =2
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= — Cpap| — (2—22)Co— (3—22)C11 + (20— 2%) C12— Cy.
— 1‘2022+22023 - 2024/”&%] m?/w,
C(Ldg = — Cpm'b[ — (1—1‘2)(00 + Cn)—1‘2(022—023)—2024/m?] m?/ﬂ',
d d
-l
=— Crap[(1 — 2%)Co + (2 — 2%)C11 — (22 — 2%)C12 + O
+ 22C99 — 29053 + 2C’24/m%] m?/ﬂ',
ngg :—Cpxb[—CH + Cig — Cy ‘|‘C23] m?/ﬂ (B.4)

o diagram-(e) Defining D\ = Im D;(m2, m3,mg, m%; p?,¢% b2, 0. 3y, (¢ + pg)?) for

1=0,11-13,21-27,31-313, the coeflicients are expressed as

C(Lel) =C1[21Do + (1 + 21) D11 — D12 + 2(Da7 + D312 — Day3)/mi] mi ),
C(LEQ) =C1[ — 21Dg—(1421) D1y +D1g+ Doy +(22—2%) Dag — (1 — 22 +2%) Dag —2Day
+ 21Do5 — (29 — 23 — 22%) Dag — 2Da7/m7 — 2° D3y — D3y + Dss + 20 D3g
— 23D37 — (1 — 21 — 20%)D3g + (1 — 21 — 2%) D39 — (22 — 23) D310
— 6(D312 — Dglg)/m?] mf/27r,
c(Le?z =C} [21D0+(1+2z1)D11+(1—z1—22’2 +2x2)D12 — (1 =20+ x2)(2D13 — Da3)
+ (24 21)Da1 + 2*Dag + (1 — 21 — 329 + 22%) Doy — (4 — 229 + 2°) Dos
+ (220 — 32%)Dgg + D31 — 22D34 — (1 + 23) D35 + 2°(D3g — Dss) + 23D37
— (1—21—2?)D3g+(1— 21 +20—2?) D310+ 4(Do7+ D311 — D313) /mi| mi
C(Lei =Ci[— D11 + (22 — 2*) D12 + (1 — 29 + 2°) D13 — Doy — 2°Dag + 22Dog + Dos
— (29 — 2%)Dog — 2(Do7 + Dglg)/mf] mi/m,
c(fg =C1 D11 + (1 — 229 + 2%) D1 + (22 — 23 — 2°) D13 + 2D2y + 2° Doy
— (1 — 29+ 2*)Da3 — 220Da4 + (21 — 23) Das + (1 — 21)Dag + D35 — 23D37
+2°Dss + (1 — 21 — 2%)D3g — 20D310 + 2(Da7 — D12 + 3Ds13)/mi] mi /m,
c(fg =C1 (D12 — D13+ Das)+Day+ Doy — Do —3Dag+ D3 — D3s+Dsg — D310 2my /,
C(Lel)o =C1 | — D23 + Dag + D3 — Dy 2my /m,
cg =C1 [ — 21Dy — (221 + 29 — x2)D11 — (1—21—222+2x2)D12 +(1—20+ $2)D13
— Dy — 2% Doy + 29 Doy + 23Da5 — (1 — 21 — %) Dag
—2(2Dy7 + D311 — Dsi3)/mi] mi/m,
ng =C1[z1Do + (221 + 22 — 2Dy + (1 — 21 — 220 + 22%)D1p + (2 — 22) Doy
— (1= 29+ 2%)(D13 — Da3) — (22 — 22%)(Day — Das) — (3 — 220 + %) Das
+ D3y — 23D34 — (14 23) D35 + 2*(D3g — Dsg) + 23D37 — (1 — 21 — 2*) D3g
+ (1 — 21 + 20 — 2%) D319 4 2(2D97 + 3D311 — 3D313)/m?] mf/Qﬂ',
ng’ =C4 [ — Doy + Doy + Dos — Dgﬁ] mf/w,
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CR4 =

CRG =

CRS =

cho

Di1 — Dis — Doy + Dag| my ),
Dy +2D13 — D3 + Doy — Do mi/m,
D11 + D13 — 2Dy — D3 + 3Da5 — D3y — Dsg + 2D310] 2my [,
Dag — 2Da5 + Dag + D39 — D3i9] 2mi /. (B.5)

i
Cil -
Ci| -
i

e diagram-(f) Defining Dgf) = ImDi(mg,m?,mg,mg; pf,qQ,pg,pg,pgg,(q +pb)2) for
1=0,11-13,21-27,31-313, the coefficients are expressed as

i

s
iy =

f)
C(LIO

—Cy [ — 223D — 2(1 + 23)D11 — (2 — 329 + 2$2)D12—|—(2+21 —229 —|—2$2)D13

—3D91 + (22 — 322) Doy — (2 — 322) Doy + 321 Das+(3—221 —3204+32%) Dag
— 2°D3y — D34 + 22D36 — (1 — 23 — 2) D3s +21 D310 —2(2D27+ D312) /m |
x my /4,

— Ca[223D0 +2(1 + 23) D11 + (3 — 429 + 32%)D1o — (2 + 21 — 229 + 22%) D13
+ 5D91 4322 Doy — 429 Doy — 521 Do +4(1—Z3—x2)D26+6D27/mf] m}/8m,
Ca| —223(Dg + 2D11) + (23 — 21) D12 + 21 D13 — (1 + 223) Doy — 32 Dao
4 2(1 =21 +2%) Doy —2(1 =221 — 294+ 22) Dos — (1 — 23 — ) (3 D26+ D31)

— D31 + 29D34 + 21 D35 — 12 D3g — 2(TDa7 + 5Ds11) /mi] mi /4,
Cal—2D11+2(20—2) D12 + (1 — 29 + 2°) (D13 + Da3) — 2Day — 22° Doy
+ 229 D24 + (2 — 322) D5 + (22 + 22°) Dgg + D35 — 21 D37 + 2° Dss

+(1— 23— xQ)Dgg — 29D310 — 2(2D97 — 5D313)/m?] m,f‘/47r,

— Ca[2D11+(3—522+32%)D1g — 2(21 —22+2°) D13 + 4D2 — (22— 4x%) Doy
4 21D93+(2 — 529) Doy —2(14-221 — 29) Doy — (3—221 —42o+522) Dag

+ 2° D3y + D3y — D35 — 22 D36+ 21 Dg7 + (1 — 23— 22*) Dgg — (1— 23 —2*) D39
— (21 — 22) D310 + 2(3Da7 + D312 — D313)/m?] my /4,

— Ca[2(D12 — D13 + Dag — Das) + Doy — Dog + Dsg — D31g] mi/,

— Ca[Dag — Dog — Dsg + Dsg] mi/m,

— Ca[223D0+2(1+223) D11 — (2— 221 + 22— 22%) Do — (2+ 21 — 220 +22%) D13
+ 5D51 +32° Dgo —4(22 Doy + 21 Das ) + (1 — 23— %) (3Dag + Ds10) + D31

— 29D34 — 21 D35 + 22 D3g + 2(5Da7 + Dgn)/mf] m} /4,

Ca [ — 223D — (11 — 421 — bz9 + x2)D11 +(2—221 + 29 — 2x2)D12

+ (24 21 — 229 + 22%) D13 — (5 + 22) Doy — 522 Dag + (529 + 222) Doy

— (1 =62, — 2+ 2%)Dys — 5(1 — 23 — 2%) Dag — 12D27/m?] m; /8,

—Cy [ — D11+ Dig — 2(Day — D24)] m?/QTr,
— Ca[D11 — D1 + 2(Das — Dag)| my /2,
— Cu| = D11+ 2D12 — D13 + Doy — Dys] my /2,

— 292 —



cgs) = — Ca[ = Di1 + D13 — 2(Da1 — Da5) — D3y + Dz mi /7,

Cgl)o =—C0}y [ — Do3 +2Ds5 — Dog — D37 + D310] m?/ﬂ' (BG)
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